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Mechanical/Thermal Sources in a Micropolar
Thermoelastic Medium Possessing Cubic Symmetry
without Energy Dissipation
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The present problem is concerned with the study of the deformation of a
thermoelastic micropolar solid possessing cubic symmetry under the influence
of various sources acting on the plane surface. The analytic expressions of
displacement components, microrotation, force stress, couple stress, and tem-
perature distribution are obtained in the physical domain for the Green and
Nagdhi (G–N) theory of thermoelasticity by applying the integral transforms.
A numerical inversion technique has been applied to obtain the solution in
the physical domain. The numerical results are presented graphically for a
particular material.
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1. INTRODUCTION

The classical theory of heat conduction predicts an infinite speed of
heat transport, if a material conducting heat is subjected to a thermal
disturbance, which contradicts physical facts. Lord and Shulman [1] incor-
porated a flux rate term into the Fourier’s law of heat conduction and
formulated a generalized theory giving a finite speed for thermal signals.
Green and Lindsay [2] have developed a temperature rate dependent ther-
moelasticity by including the temperature rate among the constitutive vari-
ables which does not violate the classical Fourier’s law of heat conduction
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when the body under consideration has a center of symmetry, and this the-
ory also predicts a finite speed of heat propagation. Green and Naghdi
[3] established a new thermomechanical theory of deformable media that
uses a general entropy balance. The generalized thermoelasticity theories
are supposed to be more realistic than conventional theory in dealing with
practical problems involving very large heat fluxes and or short time inter-
vals, like those occurring in laser units and energy channels.

The classical theory of elasticity is inadequate to represent the behav-
ior of some modern engineering structures like polycrystalline materials
and materials with fibrous or coarse grain. The study of these materials
requires incorporating the theory of oriented media. “Micropolar elastic-
ity” termed by Eringen [4] is used to describe the deformation of elastic
media with oriented particles. A micropolar continuum is a collection of
interconnected particles in the form of small rigid bodies undergoing both
translational and rotational motions. The force at a point of a surface ele-
ment of bodies of these materials is completely characterized by a stress
vector and a couple stress vector at that point.

Following various methods, the elastic fields of various loadings,
inclusion and inhomogeneity problems, and interaction energy of point
defects and dislocation arrangement have been discussed extensively in
the past. Generally all materials have elastic anisotropic properties, which
mean that the mechanical behavior of an engineering material is charac-
terized by the direction dependence. However, the three-dimensional study
for an anisotropic material is much more complicated to obtain than the
isotropic one, due to the large number of elastic constants involved in the
calculation. In recent years the elastodynamic response of an anisotropic
continuum has received the attention of several researchers. In particular,
transversly isotropic and orthotropic materials, which may not be distin-
guished from each other in plane strain and plane stress, have been more
regularly studied. The orthotropic material has the symmetry of its elastic
properties with respect to two orthogonal planes, whereas a cubic material
is a special case of an orthotropic material that has the same properties
along two axes and different properties along the third axis and is invari-
ant to an additional change of coordinates. Kumar and Choudhary [5–7]
discussed different types of problems in micropolar orthotropic continua.

A wide class of crystals such as W, Si, Cu, Ni, Fe, Au, Al, etc., which
are some frequently used substances, belong to cubic materials. The cubic
materials have nine planes of symmetry whose normals are on the three
coordinate axes and on the coordinate planes making an angle π/4 with
the coordinate axes. With the chosen coordinate system along the crystal-
line directions, the mechanical behavior of a cubic crystal can be charac-
terized by three independent elastic constants.
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To understand the crystal elasticity of a cubic material, Chung and
Buessem [8] presented a convenient method to describe the degree of the
elastic anisotropy in a given cubic crystal. Later, Lie and Koehler [9] used
a Fourier expansion scheme to calculate the stress fields caused by a unit
force in a cubic crystal. Steeds [10] gave a complete discussion on the
displacements, stresses, and energy factors of the dislocations for two-
dimensional anisotropic materials. Boulanger and Hayes [11] investigated
inhomogeneous plane waves in cubic elastic materials. Bertram et al. [12]
discussed generation of discrete isotropic orientation distributions for lin-
ear elastic cubic crystals. Kobayashi et al. [13] investigated anisotropy and
curvature effects for growing crystals. Domanski and Jablonski [14] studied
resonances of nonlinear elastic waves in cubic crystals. Destrade [15] con-
sidered the explicit secular equation for surface acoustic waves in mono-
clinic elastic crystals. Zhou and Ogawa [16] investigated elastic solutions
for a solid rotating disk with cubic anisotropy. Minagawa et al. [17] dis-
cussed the propagation of plane harmonic waves in a cubic micropolar
medium. Kumar and Rani [18] studied time harmonic sources in a ther-
mally conducting cubic crystal. Recently, Kumar and Ailawalia [19,20] dis-
cussed source problems in micropolar cubic crystals. However, no attempt
has been made to study source problems in a micropolar thermoelastic
medium possessing cubic symmetry.

The present investigation is to determine the components of displace-
ment, microrotation, and stresses in a micropolar thermoelastic medium
possessing cubic symmetry without energy dissipation due to mechan-
ical/thermal sources. The solution is obtained by introducing potential
functions after employing an integral transformation technique. The inte-
gral transforms are inverted using a numerical method.

2. PROBLEM FORMULATION

We consider a homogeneous, thermoelastic micropolar half-space pos-
sessing cubic symmetry. A rectangular coordinate system (x, y, z) having
the origin on the surface y = 0 and y-axis pointing vertically into the
medium is considered. A normal force/thermal source is assumed to be
acting at the plane surface y=0 of the rectangular Cartesian co-ordinates.
If we restrict our analysis to a plane strain parallel to the xy-plane with a
displacement vector �u= (u1, u2,0) and microrotation vector �φ= (0,0, φ3),
then the field equations and constitutive relations for a thermoelastic
micropolar solid possessing cubic symmetry without energy dissipation in
the absence of body forces, body couples, and heat sources can be written
by following the equations given by Minagawa et al. [17] and Green and
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Naghdi [3] as
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where t22, t21, m23 are the components of the normal force stress, the tan-
gential force stress, and the tangential couple stress, respectively. A1,A2,

A3,A4,B3 are characteristic constants of the material such that A1 =A2 +
A3 +A4, ν= (A1 +2A2) αT , αT is the coefficient of linear expansion, ρ is
the density, j is the microinertia, K∗ = C∗(A2+2A4)

4 is the material constant
characteristic of the theory, C∗ is the specific heat at constant strain, and
∇2 = ∂2

∂x2 + ∂2

∂y2 .
Introducing dimensionless variables defined by
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where l is a standard length and c2
1 = A1

ρ
, in Eqs. (1)–(4) and introducing

potential functions defined by
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Applying the Laplace transform with respect to time ‘t ’ defined by
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and then the Fourier transform with respect to ‘x’ defined by
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The roots of Eqs. (17) and (18) are given by
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The solutions of Eqs. (17) and (18) satisfying the radiation conditions are
given by
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Fig. 1. Variation of normal displacement u2 with distance x (concentrated
normal force: insulated boundary).

3. BOUNDARY CONDITIONS

3.1. Mechanical Source on the Surface of Half-space

The boundary conditions on the surface y=0 are

t22 =−Fψ1 (x) δ (t) , t21 =0, m23 =0,
∂T

∂y
+hT =0. (26)

where δ (t)is the Dirac delta function, ψ1 (x) specifies the vertical traction
distribution function along the x-axis, F is the magnitude of the applied
force, and h is the heat transfer coefficient where h→ ∞ for an isother-
mal boundary and h→0 for an insulated boundary.

Applying Laplace and Fourier transforms defined by Eqs. (15) and
(16) on the boundary conditions Eq. (26) and using Eqs. (5)–(9) and (21)–
(24), we get the expressions for displacement components, microrotation,
force stress, couple stress, and temperature distribution for a thermoelastic
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Fig. 2. Variation of tangential couple stress m23 with distance x (concentrated
normal force: insulated boundary).

micropolar solid without energy dissipation possessing cubic symmetry
as
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3.1.1. Concentrated Force

In order to determine displacements, microrotation, stresses, and tem-
perature due to the concentrated force described as a Dirac delta function,
we use ψ1 (x)= δ (x) with

ψ̃1 (ξ)=1. (35)

3.1.2. Uniformly Distributed Force

The solution due to a uniformly distributed force applied on the half-
space is obtained by setting

ψ1 (x)=
[

1 if |x|≤a,
0 if |x|>a,

in Eq. (26). The Fourier transform with respect to the pair (x, ξ) for the
case of a uniform strip load of unit amplitude and width 2a applied at the
plane boundary y= 0 in dimensionless form after suppressing the primes
becomes

ψ̃1 (ξ)= [2 sin (ξ al) /ξ ] , ξ 	=0 . (36)
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Fig. 3. Variation of temperature distribution T with distance x (concentrated
normal force: insulated boundary).

3.1.3. Linearly Distributed Force

The solution due to a linearly distributed force is obtained by substi-
tuting

ψ1 (x)=
[

1− |x|
a

if |x|≤a,
0 if |x|>a,

in Eq. (26) where 2a is the width of the strip load. The Fourier transform
for the case of a linearly distributed force applied at the plane boundary
y=0 of the Cartesian system, in dimensionless form is

ψ̃1 (ξ)= 2 [1− cos (ξ al)]

ξ2al
. (37)

The expressions for displacements, stresses, and temperature can be obtained
for a concentrated force, a uniformly distributed force, and a linearly
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Fig. 4. Variation of normal displacement u2 with distance x (uniformly
distributed normal force: insulated boundary).

distributed force by replacing ψ̃1 (ξ) from Eqs. (35)–(37), respectively, in Eqs.
(27)–(33).

3.2. Thermoelastic Interactions due to Thermal Source

The boundary conditions in this case are

t22 =0, t21 =0, m23 =0, ∂T
∂y

= r(x, t), for temperature gradient
boundary

or
T (x, y=0)= r (x, t) , for temperature input boundary

(38)

where r(x, t)=η(x)δ(t).
Applying Laplace and Fourier transforms defined by Eqs. (15) and

(16) on Eq. (38), we get

r (ξ,p)= η̃ (ξ) .
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Fig. 5. Variation of tangential couple stress m23 with distance x (uniformly
distributed normal force: insulated boundary).

The expressions for displacement, force stress, tangential couple stress, and
temperature distribution are given by Eqs. (27)–(33) with �υ replaced by
�0
υ (υ=1,2,3,4) in Eq. (34) where

�0
1,2 = ∓Hη̃ (ξ) [−a∗

3q3
(
r2,1s4 − r4s2,1

)+a∗
4q4

(
r2,1s3 − r3s2,1

)]
,

�0
3,4 = ∓H η̃ (ξ) a∗

4,3q4,3 (r1s2 − r2s1) . (39)

and H = l
T0

for a temperature gradient boundary and H = 1
T0

for a tem-
perature input boundary.

3.2.1. Thermal Point Source

For this case

η (x)= δ (x)
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Fig. 6. Variation of temperature distribution T with distance x (uniformly
distributed normal force: insulated boundary).

with

η̃ (ξ)=1. (40)

3.2.2. Uniformly Distributed Thermal Source

For this case

η (x)=
[

1 if |x|≤a ,
0 if |x|>a ,

with

η̃ (ξ)= [2 sin (ξal) /ξ ] , ξ 	=0 . (41)
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Fig. 7. Variation of normal displacement u2 with distance x (linearly distributed
normal force: insulated boundary).

3.2.3. Linearly Distributed Thermal Source

For this case

η (x)=
[

1− |x|
a

if |x|≤a,
0 if |x|>a,

with

η̃ (ξ)= 2 [1− cos (ξ al)]

ξ2al
. (42)

The expressions for the components of displacement, microrotation, force
stress, couple stress, and temperature can be obtained for a thermal point
source, a uniformly distributed thermal source, and a linearly distrib-
uted thermal source by replacing η̃ (ξ) from Eqs. (40)–(42), respectively, in
Eqs. (27)–(33).
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Fig. 8. Variation of tangential couple stress m23 with distance x (linearly
distributed normal force: insulated boundary).

4. PARTICULAR CASES

Case A—Neglecting the micropolarity effect (i.e.,B3 = j = 0) in
Eqs. (27)–(33), we obtain the corresponding expressions for the compo-
nents of displacement, force stress, couple stress, and temperature dis-
tribution in a thermoelastic medium possessing cubic symmetry. The
expressions for the components of displacement, force stress, couple stress,
and temperature distribution can be obtained for a concentrated force, a
uniformly distributed force, and a linearly distributed force by replacing
ψ̃1 (ξ) from Eqs. (35)–(37), respectively, in Eqs. (27)–(33) after neglecting
the micropolarity effect.

Case B—Neglecting the thermal effect in Eqs. (27)–(33), the expres-
sions for the components of displacements, microrotation, force stress, and
couple stress are obtained in a micropolar medium possessing cubic sym-
metry. Again the expressions for the components of displacement, micro-
rotation, force stress, and couple stress can be obtained for a concentrated
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Fig. 9. Variation of temperature distribution T with distance x (linearly
distributed normal force: insulated boundary).

force, a uniformly distributed force, and a linearly distributed force by
replacing ψ̃1 (ξ) from Eqs. (35)–(37), respectively, in Eqs. (27)–(33) after
neglecting the thermal effect.

4.1. Thermoelastic Micropolar Solid

(A) Taking A1 =λ+2μ+K, A2 =λ, A3 =μ+K, A4 =μ, B3 =γ
(43)

in Eqs. (27)–(33) with Eqs. (35)–(37), we obtain the corresponding expres-
sions in for an isotropic thermoelastic micropolar medium, an isotropic
thermoelastic medium (on neglecting micropolarity effect), and an isotro-
pic micropolar medium (on neglecting thermal effect) for a concentrated
force, a uniformly distributed force, and a linearly distributed force, respec-
tively.
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Fig. 10. Variation of normal displacement u2 with distance x (thermal point
source: insulated boundary).

(B) Using Eq. (43) in Eqs. (27)–(33) with �υ replaced by �0
υ(υ=1,2,

3,4) from Eq. (39) and using Eqs. (42)–(44), we obtain the corresponding
expressions for a thermal source, a uniformly distributed thermal source,
and a linearly distributed thermal source, respectively.

Sub case 1—If h → 0, Eqs. (27)–(33) yields the expressions for
displacements, microrotation, force stress, couple stress, and temperature
distribution for an insulated boundary. For this case, H = l

T0
in Eq. (39).

Sub case 2—If h → ∞, Eqs. (27)–(33) yields the expressions for
displacements, microrotation, force stress, couple stress, and temperature
distribution for an isothermal boundary. For this case, H = 1

T0
in Eq. (39).

5. INVERSION OF THE TRANSFORM

The transformed displacements and stresses are functions of y and
the parameters of Laplace and Fourier transforms p and ξ , respectively,
and hence are of the form f̃ (ξ, y,p). To get the function in the physical
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Fig. 11. Variation of tangential couple stress m23 with distance x (thermal point
source: insulated boundary).

domain, we invert the Fourier and Laplace transforms using the method
already discussed by Kumar and Ailawalia [19].

6. NUMERICAL RESULTS AND DISCUSSIONS:

For numerical computations, we take the following values of relevant
parameters for micropolar medium possessing cubic symmetry as A3 =
5.6 × 1010 N · m−2, A2 = 11.7 × 1010 N · m−2, A4 = 4.3 × 1010 N · m−2, B3 =
0.98×10−9 N.

For comparison with a micropolar isotropic solid, following Erin-
gen [21] and Dhaliwal and Singh [22], we take the following values of
relevant parameters for the case of a magnesium crystal-like material as
ρ = 1.74 × 103kg m−3, λ= 9.4 × 1010 N · m−2, μ= 4.0 × 1010 N · m−2; K =
1.0 × 1010 N · m−2, γ = 0.779 × 10−9 N, j = 0.2 × 10−19 m2; C∗ = 0.4353 ×
1010 J kg−1◦C−1, ν= 0.0268 × 108 N · m−2 ◦C−1, T0 = 23 ◦C; K∗ = 1.7 × 104

J s−1 m−2 ◦C−1, F = 1.0. The values of the normal displacement u2, the
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Fig. 12. Variation of temperature distribution T with distance x (thermal point
source: insulated boundary).

tangential couple stress m23, and the temperature distribution T for a ther-
moelastic micropolar solid with cubic symmetry (MTECC) and a thermo-
elastic micropolar isotropic solid (MTEIS) have been studied for a normal
force and insulated boundary at t = 0.1, 0.25, and 0.5. The variations
of these components with distance x have been shown by (a) solid line
(———) for MTECC and dashed line (- - - - - - - -) for MTEIS at t = 0.1,
(b) solid line with centered symbol (∗—∗—∗) for MTECC and dashed line
with centered symbol (∗- - -∗- - -∗) for MTEIS at t = 0.25, and (c) solid
line with centered symbol (

⊙
—
⊙

—
⊙

) for MTECC and dashed line with
centered symbol (

⊙
- - -
⊙

- - -
⊙

) for MTEIS at t = 0.5 . These variations
are shown in Figs. 1–18. The comparison between a thermoelastic mi-
cropolar cubic crystal and a thermoelastic micropolar isotropic solid is
shown. All the results are for one value of dimensionless width, a= 1.0.
The computations are carried out for y= 1.0 and l= 1.0, cm in the range
0≤x≤10.0.
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Fig. 13. Variation of normal displacement u2 with distance x (uniformly
distributed thermal source: insulated boundary).

7. DISCUSSIONS FOR VARIOUS CASES

7.1. Mechanical Forces

7.1.1. Concentrated Force

At any particular time, the values of the normal displacement are
smaller for MTEIS as compared to the values for MTECC. Also, the
magnitudes of oscillations of the normal displacement decrease with an
increase in time. These variations of the normal displacement are shown
in Fig. 1.

The variations of the tangential couple stress are oscillatory in nature
for both MTECC and MTEIS. These oscillations are smoother in nature
as compared to the oscillations obtained for normal displacement. Also,
the magnitudes of these oscillations decrease with an increase in the hori-
zontal distance. Very near to the time of application of the source (at t=
0.1), the values of the tangential couple stress are smaller in comparison
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Fig. 14. Variation of tangential couple stress m23 with distance x. (uniformly
distributed thermal source: insulated boundary).

to the values obtained at other intervals of time. These variations of the
tangential couple stress are shown in Fig. 2.

It is observed from Fig. 3 that the values of the temperature distribu-
tion for MTEIS lie in a very short range, so these variations for MTEIS
are comparable to the variations obtained for the case of normal displace-
ment but the variations of the temperature distribution for MTECC are
opposite in nature to the variations of the normal displacement.

7.1.2. Uniformly Distributed Force

The variations of all the quantities, i.e., the normal displacement, the
tangential couple stress, and the temperature distribution for the case of a
uniformly distributed force are very similar to the variations obtained for
these quantities for the case of a concentrated force. Although the varia-
tions of the quantities and their discussions are the same, the difference
in magnitude for both cases is significant. These variations of the normal
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Fig. 15. Variation of temperature distribution T with distance x (uniformly
distributed thermal source: insulated boundary).

displacement, the tangential couple stress, and the temperature distribution
for a uniformly distributed force are shown in Figs. 4–6, respectively.

7.1.3. Linearly Distributed Force

On application of a linearly distributed force, the variations of the
normal displacement being oscillatory in nature follow an increasing trend
with an increase in horizontal distance. The degree of the increase in mag-
nitude, however, decreases with an increase in time. Also, very close to the
point of application of the source, the values of the normal displacement
for both MTECC and MTEIS increase with an increase in time. At a par-
ticular time, the magnitude of the normal displacement for MTEIS is less
compared to the value for MTECC. These variations of the normal dis-
placement are shown in Fig. 7.

As discussed for the case of a concentrated force and a uniformly dis-
tributed force, the values of the tangential couple stress for both MTECC
and MTEIS at t = 0.1 lie in a very short range. However, the variations
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Fig. 16. Variation of normal displacement u2 with distance x (linearly distributed
thermal source: insulated boundary).

obtained at t = 0.25 and t = 0.5 are opposite in nature to the variations
obtained in the previous two cases at the same times. These variations of
the tangential couple stress are shown in Fig. 8.

As observed from Fig. 9, the variations of the temperature distribu-
tion are opposite in nature to the variations of the normal displacement.
Hence, the values of the temperature distribution, close to the point of
application of the source, decrease with an increase in distance x. Also, the
values of the temperature distribution for MTEIS are less in comparison
to the values for MTECC.

7.2. Thermoelastic Interactions due to Thermal Sources

7.2.1. Thermal Source

The variations of all the quantities are opposite in nature to the
variations obtained for the case of a concentrated force. Although the
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Fig. 17. Variation of tangential couple stress m23 with distance x (linearly
distributed thermal source: insulated boundary).

difference between the values is quite significant, it is important to note
that the values obtained for the case of a thermal point source are much
less in comparison to the values obtained for the case of a mechanical
load. The variations of the normal displacement, the tangential couple
stress, and the temperature distribution are shown in Figs. 10–12, respec-
tively.

7.2.2. Uniformly Distributed Thermal Source

The variations of the normal displacement and tangential couple
stress are opposite in nature to the variations obtained for the case of a
uniformly distributed force. These variations of the normal displacement,
the tangential couple stress, and the temperature distribution on applica-
tion of a uniformly distributed thermal source are shown in Figs. 13–15,
respectively.
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Fig. 18. Variation of temperature distribution T with distance x (linearly
distributed thermal source: insulated boundary).

7.3. Linearly Distributed Thermal Source

For MTECC the variations of the temperature distribution for this
case are very similar in nature with the variations of the temperature dis-
tribution obtained for the case of a linearly distributed force (mechanical).
But the variation of these quantities for MTEIS are more oscillatory in
nature as compared to the variations for a linearly distributed force. Also,
the magnitudes of these oscillations decrease with an increase in time.
The variations of the normal displacement and tangential couple stress
for both MTECC and MTEIS are similar to the variations obtained for
the case of a uniformly distributed thermal source with a difference in
magnitude. The variations of the normal displacement, the tangential cou-
ple stress, and the temperature distribution are shown in Figs. 16–18,
respectively.
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8. CONCLUSION

The properties of a body depend largely on the direction of symmetry.
The variations of all the quantities are similar in nature on the application
of a concentrated mechanical force and a uniformly distributed force with
a difference in magnitude. The body is deformed to a much more extent
on the application of a mechanical source, since the values of all the quan-
tities obtained for the case of a thermal source are much less.
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